We derive properties of the radial evolution of scalar fields in anti-de Sitter spacetime from quantum mechanics, through a factorisation of the path integral. We describe why we anticipate application of these results to the AdS/CFT correspondence.
Introduction
Since its proposal [1] there has been huge interest in studying the correspondence between string theory in anti-de Sitter space and its holographic dual conformal field theory on the boundary ( [2] for a comprehensive review). A variety of new approaches to studying the correspondence have recently been employed (see for example [3] and [4] ... [6] ). Berkovits' approach [7] gives a quantisable action for the superstring in AdS space times a compact manifold, with Ramond Ramond flux, but the complexity of the action makes hard work of calculating scattering amplitudes [8] ... [11] .
Given the difficulties of string calculations in anti-de Sitter space, it is worthwhile to pursue unconventional approaches. In [12] , [13] we gave an alternative approach to bosonic string field theory in flat space based on Feynman diagram arguments which could be applied to second quantised particles and strings through properties of the first quantised theories. In this letter we show that in anti-de Sitter spacetimes, of arbitrary dimension, factorisation of the quantum mechanical path integral gives a gluing property of the scalar field propagator defining the evolution of scalar fields in the radial direction.
We begin with a brief summary of the relevant flat space results of [12] . We follow this with the anti-de Sitter generalisations and finish with some discussion of application of the results to the AdS/CFT correspondence.
Flat space
The Euclidean scalar field propagator G(x f ; xi) can be written as the sum over paths and worldline metrics g describing the quantum mechanical transition amplitude between spacetime points x µ i and x µ f [14] , [15] . Integrating out g gives a Boltzmann weight equal to the exponential of the length of the path,
Any metric can be written g(τ ) = T 2 f ′ (τ ) 2 for some reparametrisation f and Teichmüller parameter T . Changing to these variables removes the over-counting of equivalent paths which results from reparametrisation invariance and allows us to gauge fix the metric to
, with an ordinary integral over T remaining 1 ,
After doing the x µ integrals we obtain, with a suitable normalisation, the integral of the heat kernel K of the Laplacian,
Paths from (x1, r1) to (x2, r2) must cross the plane at time t at least once if r2 > r > r1.
This implies the sum over paths defining the propagator can be factorised. To realise this, insert into (1) a resolution of the identity,
For r2 > t > r1 the delta function always has support on the worldline. Taking the integral over τ ′ outside and distinguishing between worldline times earlier and later than τ ′ , the path integral is
We can writeẋ 0 (τ ′ ) as a two sided derivative which splits the path integration into a pair of terms each with an insertion. The integrals are invariant under reparametrisations of the worldline and so have no explicit τ ′ dependence, the integral over which gives a finite volume, leaving
where the integral over y is over the spatial co-ordinate data on the boundary at time t.
The insertion can be taken outside the integral as a derivative w.r.t. boundary data which introduces a relative sign, giving us the factorisation of the propagator
We refer to this as the 'gluing property'. It can be checked using the Fourier representation in (2) . In [12] we showed, using the Schrödinger representation, that this was the defining property of time evolution. The Schrödinger functional for a scalar field φ,
evolves a state Ψ through time δt by
When written in terms of Feynman diagrams, the action of the Schrödinger functional reduces to applying the gluing property and various corollaries to advance a configuration of Feynman diagrams from one time to another. Although this is a property of the free propagator, it has application in interacting theories, and generalises to the bosonic string and string field. In Euclidean space it is clear that we could choose any direction to call time and repeat the above arguments. It is then natural to question how these ideas generalise to spacetimes with a non-trivial metric. Given the remarks in the introduction, anti-de Sitter space deserves some investigation, though it is not time but the radial direction which will be of interest. Time translation invariance simplified the flat space calculations so we do not expect the Feynman diagram arguments of flat space to be so simple in AdS, but we can derive the essential property.
Anti-de Sitter space
We will represent Euclideanised anti-de Sitter spacetime as the upper half space x 0 > 0 with metric 
when r f > ri and the Bessel functions Iν and Kν [18] are exchanged otherwise. As before, we insert into the sum over paths in anti-de Sitter space a resolution of the identity,
After integrating out the reparametrisations we can write the momentum conjugate to the radial variable as dx0
which implies that the propagator factorises as
This is our key result. A factorisation of the first quantised sum over particle paths describes how the propagator can be formed by gluing together two propagators across a constant x 0 hypersurface. This is the expression of the physical equivalence of evolution between radial positions ri and r f and evolution between these positions through some intermediate position.
The result is of the same form as found in flat space, with additional factors from the anti-de Sitter metric. In the remainder of this section we present a proof of this result.
Let r f > r > ri, then inserting the explicit representation of the propagator (6) into the right hand side of (8) we find
The integral over y gives a momentum conserving delta function which allows us to do the integral over p, say. For brevity write z ≡ |k|r and the result of these integrations is
plus two terms coming from the derivatives of z D/2 which cancel. We require the final line of the above to be unity in order to recover G AdS . Applying the Bessel function properties
the final line of (10) becomes
a standard Bessel function identity for unity, leaving
We have proven (8) . For r f < r < ri the right hand side of (8) picks up a minus sign. These results also hold in the limit in which r f = r or r = ri.
Conclusions
In the in the AdS/CFT correspondence translations in the bulk radial direction correspond to conformal transformations in the boundary field theory. We have described the radial evolution of scalar fields (second quantised particles) using properties of quantum mechanics (first quantised particles). Since the correspondence holds between scalar field theory in
AdSD+1 and conformal field theory on R D [19] , there is an opportunity to study how our gluing results relate to a holographic description in terms of scaling of operators in the boundary conformal field theory.
Toward this end we note that our gluing properties hold for the propagator Gǫ(r f , x f ; ri, xi) := G AdS (r f , x f ; ri, xi)
considered in [17] which vanishes not on the spacetime boundary but on the near-boundary surface x 0 = ǫ and is used to regulate boundary divergences when investigating the conformal field theory.
The gluing property in flat space, with respect to the time direction, determined the field theory time evolution operator and generalised to bosonic strings and string fields.
Although we have not attempted it here, it would be intriguing to see if our particle results could be extended to strings in anti-de Sitter spacetime and to learn how they arise in the dual field theory.
